We analyze a quantum walk on a bipartite one-dimensional lattice, in which the particle can decay whenever it visits one of the two sublattices. The corresponding non-Hermitian tight-binding problem with a complex potential for the decaying sites exhibits two different phases, distinguished by a winding number defined in terms of the Bloch eigenstates in the Brillouin zone. We find that the mean displacement of a particle initially localized on one of the non-decaying sites can be expressed in terms of the winding number, and is therefore quantized as an integer, changing from zero to one at the critical point. This problem can serve as a simplified model for nuclear spin pumping in the spin-blockaded electron transport regime of quantum dots in the presence of competing hyperfine and spin-orbital interactions. The predicted transition from pumping to non-pumping is topological in nature, and is hence robust against certain types of noise and decoherence.
A quantum system is said to exhibit a topological transition when it features several phases, characterized by a topological invariant that takes on different quantized values in each of these phases [1] . A classic example of a topological transition occurs in the quantized Hall effect, which can be linked to the Chern invariant [2] , defined in terms of the system's single-particle wavefunctions with quasi-periodic boundary conditions. Because the Hall conductance is proportional to the Chern invariant, and because quantization of the latter is of a topological nature, the quantized Hall effect is universal across samples of varying size, shape, or composition, and is robust against many types of disorder. Another example of a similar nature is encountered in adiabatic transport [3] .
Here we present a model exhibiting a new type of topological transition in a system described by a nonHermitian Hamiltonian. We consider a quantum walk on a bipartite one-dimensional (1D) lattice, from which the "walker" (particle) can decay whenever it resides on the sites of one of the sublattices (see Fig.1a ). Due to hopping between sites, a particle initially localized on any of the non-decaying sites at time t = 0 will eventually decay from the system as t → ∞.
Surprisingly, we find that the average displacement of the particle during the course of its decay, ∆m = m mP m , is exactly quantized as an integer (0 or 1 unit cells), where P m is the probability distribution for decay from different sites (see Fig.1c ). As in the case of the quantum Hall conductance, this quantization results from an underlying topological structure; in this case it is the winding number of the relative phase between two components of the Bloch wave function. Using the topological origin of this phenomenon, we are able to show that the quantization is insensitive to parameters and is robust against certain types of noise and decoherence.
In recent years, non-Hermitian quantum mechanics in one dimension has found applications to a variety of different problems, such as vortex matter [4] , quantum chaos [5] , random lasers [6] , population biology [7] , and others (see Ref. [8] and references therein). Much of the interest in these 1D problems was triggered by the idea that an Anderson localization transition can occur in disordered transport with an imaginary vector potential [4] . In contrast, our problem is translationally invariant; the transition results from competition between two processes, intracell and intercell hopping, which occur with amplitudes v and v ′ (see Fig.1a ).
In this paper, our motivation is to provide a simple model of nuclear spin pumping in spin-blockaded double quantum dots [9, 10, 11] in the presence of competing effects of the hyperfine and spin-orbital interactions, as in Ref. [11] . In the DC transport regime, an electron, first loaded into a triplet spin state | L , makes a transition to a singlet spin state | R , which is broadened due to its coupling to the drain lead [12] (see Fig.1b ). Such transitions require an electron spin-flip, which can be mediated by either the hyperfine interaction or the spin-orbital interaction, denoted in Fig.1 by the amplitudes v ′ and v, respectively. The hyperfine process is accompanied by a change of the z-projection of nuclear spin, ∆m = ±1 for an L-state of the type T ± , whereas for the spin-orbital process ∆m = 0. Without loss of generality, here we focus on the case of transport through a T + state, pictured in Fig.1 . The resulting coherent dynamics in the combined Hilbert space of electron and nuclear degrees of freedom is thus described by a quantum walk like that shown in Fig.1a . The topological transition, which is accompanied by the formation of a non-decaying dark state, leads to a prediction of threshold-like pumping of nuclear polarization, along with strong suppression of current due to the divergence of dwell time at the threshold.
Because this problem exhibits a topological phase transition, here our main aim is to discuss this interesting behavior from a general point of view; the detailed analysis of implications for spin-blockade is postponed to a separate publication [13] . Here we just note that an ensemble of nuclear spins can be described by a single variable m in the "giant spin" approximation of constant hyperfine interaction [14] , which ignores decoherence arising from the more realistic position-dependent interaction [15] .
The configuration space of the problem is defined by the electron states | L , | R and by the total nuclear polarization, taking integer values −∞ < m < ∞. Thus the Hilbert space has a tensor product structure: span{| m ⊗ | L/R }. In this basis, illustrated in Fig.1a , the state of the system | ψ is described by the amplitudes ψ 
Without loss of generality, we choose v > 0 and v ′ > 0. The on-site energyε R = ε R − i γ/2 for the R-states has an imaginary part that accounts for the decay of these states with rate γ, while the on-site energy ε L is real. Now, suppose the system is initialized to the L-state
at time t = 0, and allowed to evolve freely under the equations of motion (1) . Because of translational invariance, we can equivalently start anywhere on the L-sublattice. Under the dynamics (1), the wavepacket describing the quantum walker spreads throughout the lattice and leaks out through its components on the R-sites, decaying completely as t → ∞. What is the average displacement achieved by the particle before leaking out? More precisely, given the ability to detect the site m from which the decays occurs, and thereby measure the decay probability distribution P m (see Fig.1c ), we would like to find
Although ∆m can be obtained from an explicit calculation involving the system's time evolution operator, here we will pursue a less direct but more rewarding approach that helps to uncover the topological structure behind the solution. The result is supported by numerical simulations, which also allow us to test various features of the model such as its robustness against decoherence. As a first step in the calculation of ∆m , we note that the norm of a quantum state | ψ evolves according to
However, our system is nonHermitian due to the complex energyε R , and, as seen from the equations of motion (1), decays according to
with
The two-component wave function for each k evolves independently of the others, with
, the probability density to find the system with momentum k at time t, decaying as 
Next, we use the polar decomposition ψ
, where u k = |ψ R k (t)| and θ k = arg{ψ R k (t)}. We assume that u k (t) > 0 for all t > 0, which follows from Eq.(4) after some algebra [18] . Using the fact that dk u k ∂ k u k = 0 is an integral of a total derivative over a closed contour, we rewrite Eq.(5) as
where we replaced −γ|u k (t)| 2 by ∂ t p k in Eq. (6) . With the help of integration by parts in the integral over t, the time derivative can be moved from p k onto ∂ k θ k , giving
We will now show that the boundary term I 0 provides the only non-zero contribution to the integral (7). First, we use integration by parts on the integral over k to obtain
As demonstrated below, this integral vanishes because p k and ∂ t θ k are both even functions of k.
In order to see that p k and ∂ t θ k are even functions, it is helpful to view the evolution (4) within each 2 × 2 ksubspace as the precession of a decaying pseudospin in a (complex) magnetic field with z-component ε L −ε R and transverse component of magnitude 2|A k | = 2|v + v ′ e ik |. Because |A k | = |A −k |, a static rotation about the z-axis mapsĤ −k intoĤ k , withĤ k the 2 × 2 matrix in Eq. (4):
Given that the initial state (2) is oriented along the zaxis in pseudospin-space for all k, in the rotated frame (10) the pseudospin associated with the momentum −k performs the identical evolution to that of the pseudospin associated with momentum k. Because the state (2) has equal magnitude in all momentum sectors, the moduli of the k and −k pseudospins are equal for all times, p k (t) = p −k (t). Furthermore, from (10) their phase difference is time-independent, θ −k = θ k − 2ϕ k , which proves the claim.
To evaluate I 0 , we use the facts that all k-states are initially occupied with equal probability p k (t = 0) = 1, and that the state decays completely, p k (t → ∞) = 0. Substituting these values in Eq. (8), we find
Although u k (0) = 0, the limit t → 0 + is well-defined. Expression (11) is a surprising result: the expected displacement of the particle as it spreads out and decays is equal to the winding number of the relative phase between components of the Bloch wave function. In particular, this means that ∆m can only take on integer values.
It is thus immediately clear that there are two possible situations depending on whether or not
wraps the origin as k is taken around the Brillouin zone:
. It is perhaps not entirely obvious from this discussion that the transition at v = v ′ is a characteristic of the Hamiltonian rather than of the initial state. To clarify this point, we examine the eigenstates ofĤ k and plot the ratio of their components ξ k = ψ R k /ψ L k in the complex plane. As shown in Fig.2a , the winding number about the origin changes from 1 at v ′ > v to 0 at v ′ < v. Furthermore, one of the eigenvalues ofĤ k becomes real at the transition v = v ′ , because A k vanishes for k = π. This indicates the formation of a non-decaying dark state with ψ R k=π = 0; under these conditions, the k = π component of the initial state (2) remains stuck on the | L sublattice for all t. Dark states formed in the nuclear subspace, as found here, can arise as fixed points of cooling processes [14] . As pointed out in Ref. [16] (see also [17] ), dark states in quantum dots can result in current suppression due to the Dicke effect. In our case, the average decay timē (12) may become very long near the transition (here we used
dk ∂ t p k and integrated by parts). Close to the transition v = v ′ , when |A k≈π | ≪ γ, the dynamics (4) yields p k (t) ≈ exp(−Γ k t), where Γ k is given by Fermi's Golden Rule:
. Substituting these expressions into Eq. (12), and using the change of variables z = e ik , we get
where the integral is taken over the unit circle |z| = 1.
Using the residue theorem, we see that the decay time indeed diverges at v ′ = v asτ ∝ 1/|v − v ′ |. Conspicuously, neither the quantization of ∆m , nor the discontinuity at v = v ′ , seem to depend on the values of the decay rate γ or the energies ε L/R . Furthermore, the analysis leading up to Eq.(11) goes through even if γ and ε L/R are made time-dependent. In particular, the integral (9) still vanishes because the states k and −k see identical time dependent effective fields, up to a rotation (10) . This suggests, among other things, that the sharp transition shown in Fig.2b survives dephasing due to classical noise on the energy levels ε L and ε R .
To investigate this remarkable indifference to dephasing, we have performed direct numerical simulations of the equations of motion (1) up to a fixed time T and restricted to a finite chain of 51 unit cells. During each time step t n < t < t n +∆t, we evolve the state forward in time and bin the probability of decay from each unit cell. In Fig.3a we show the results for the mean displacement (11) and the decay timeτ , obtained using the distribution P m (see Fig.3b ), and the formulaτ = n |ψ(t n )| 2 ∆t. This simulation, showing clear quantization, was then altered to investigate the robustness against decoherence. , 0.85, 9. The distribution becomes broad near the transition v = v ′ , while the mean remains quantized.
We modified the simulation to evolve the system's density matrix, adding an exponential damping of the L − R-offdiagonal elements with rate Γ 2 . Due to the increased time and memory requirements, we could only simulate smaller systems over a more sparse sampling of points. However, the results do show a relatively well-formed step (green boxes), consistent with expectation. Similarly, the step appears to be robust against a stronger form of decoherence where the density matrix is repeatedly projected onto the L and R subspaces at a fixed time interval ∆τ = 1/Γ 2 (yellow triangles).
The transition is not robust against all types of noise, however. Any variations of the amplitudes v and v ′ in time will in general broaden and distort the step. Likewise, we do not expect the sharp step to survive perturbations that break translational symmetry.
In our motivating example of spin-blockaded transport in double quantum dots, the topological transition would be manifested as an abrupt change in the nuclear spin pumping rate as the relative strengths of spin-orbit and hyperfine matrix elements are varied, for example, by tuning gate voltages to change the electrostatic potential felt by the electron. Because pumping thresholds in various parameters are ubiquitous in such systems, to unambiguously identify a pumping threshold with the topological transition discussed here one must correlate the appearance/disappearance of nuclear spin pumping with a decrease in the current through the system resulting from the diverging dwell timeτ , which is not expected for pumping thresholds of other origins.
